Abstract-Batch Markovian Arrival Process -BMAP -is a teletraffic model which combines high ability to imitate complex statistical behaviour of network traces with relative simplicity in analysis and simulation. It is also a generalization of a wide class of Markovian processes, a class which in particular include the Poisson process, the compound Poisson process, the Markovmodulated Poisson process, the phase-type renewal process and others. In this paper we study the main queueing performance characteristic of a finite-buffer queue fed by the BMAP, namely the queue length distribution. In particular, we show a formula for the Laplace transform of the queue length distribution. The main benefit of this formula is that it may be used to obtain both transient and stationary characteristics. To demonstrate this, several numerical results are presented.
I. INTRODUCTION
The batch Markovian arrival process was invented by Neuts and in the beginning it was called the versatile Markovian point process or the N -process. Then, Lucantoni replaced the original complicated parameterization of the N -process by a new one, more simple and intuitive. Since then the process has been called the batch Markovian arrival process (BMAP).
The BMAP is a tool of choice for traffic modeling and predictability, performance evaluation of buffering processes, congestion and admission control mechanisms etc.
It is worth recommending for several reasons. Firstly, it is able to mimic the self-similar and bursty nature ( [3] , [4] ) of network traces, remaining analytically tractable due to its Markovian structure.
Secondly, the BMAP generalizes a wide set of processes used in teletraffic modeling. For instance, by setting the proper parameterization of the BMAP we may obtain a Poisson process, a batch Poisson process, a Markov-modulated Poisson Process (MMPP), a Markovian arrival process (MAP) or a phase-type renewal process. Some of them are classic, others, like MMPP, gained great attention in applications connected with multimedia and ATM [5] - [9] . All results obtained for the BMAP can be automatically used for the processes mentioned above.
Thirdly, the BMAP is successfully used for the modeling of aggregated IP traffic [10] , [11] . In this approach, different lengths of IP packets are represented by BMAP batch sizes. What is important is that algorithms for the fitting of the BMAP parameters to recorded IP traces are available [10] , [11] . Some examples of particular performance issues connected with IP networks, analyzed by means of the BMAP, can be found by the reader in [12] , [13] .
In this paper we deal with the basic characteristic of a single-server queueing system, namely the queue size distribution. The queue size distribution and its parameters (average, variance) play an important role in the performance evaluation of buffering mechanisms in network devices by providing fundamental insight into the system's behaviour.
The main contribution of this paper is the Laplace transform of the transient queue size distribution in the BMAP queue with finite buffer (Theorem 1). To the best of the author's knowledge, there have been no reported results of this type yet. The classic papers by Ramaswami and Lucantoni [2] , [14] - [16] are devoted to BMAP queues with infinite buffers. Articles in which the finite-buffer model is investigated are rare and deal with stationary characteristics [17] or special cases of the BMAP, like MMPP [18] , only.
The original approach applied in this paper gives the results in a closed form which permits one to easily compute the stationary as well as the time-dependent queue size distribution. All the analytical results obtained herein were checked and confirmed by means of a discrete-event simulator written in OMNET++ [19] .
The paper is organized as follows. Firstly, the model of the queue and the arrival process are presented and the notation is listed (section II). Then, in section III, the formula for the transform of the transient queue size is proven. Furthermore, some remarks on how it can be used in practice for obtaining time-dependent and stationary queue size distributions are given. In section IV, a set of numerical examples based on four different BMAP parameterizations is shown. In addition, computational aspects connected with coefficient matrices occurring in the main formula are discussed. Finally, conclusions are gathered in section V.
II. QUEUEING MODEL AND NOTATION
In the paper we investigate a single server queueing system whose arrival process is given by a BMAP. The service time is distributed according to a distribution function F (·), the buffer size (queueing capacity) is finite and equal to b (including service position). In Kendall's notation, the system described is denoted by BM AP/G/1/b.
As regards the BMAP, it is constructed by considering a 2-dimensional 
has nonnegative off-diagonal elements and negative diagonal elements and
is an irreducible infinitesimal generator (see [2] 
while the intensity of group arrivals as:
The variance of the interarrival time is given by:
Finally, the correlation between two consecutive interarrival times can be calculated as follows:
An alternative, constructive definition of a BMAP is the following. Assume the modulating Markov process is in some state i, 1 ≤ i ≤ m. The sojourn time in that state has exponential distribution with parameter λ i . At the end of that time there occurs a transition to another state and/or the arrival of a batch. Namely, with probability p i (j, k), 1 ≤ k ≤ m, j ≥ 0, there will be a transition to state k with a batch arrival of size j. It is assumed that:
The relations between parameters D k and λ i , p i (j, k) are the following:
In the sequel, the following notation will be of use: P(·) -the probability X(t) -the queue size at the moment t (including service position if not empty)
the counting function for the BMAP. N (t) denotes the total number of arrivals in (0, t)
e −st dF (t) -the transform of the service time distribution δ ij -the Kronecker symbol (δ ij = 1 if i = j and 0 otherwise) In addition, we will be using the following m × m matrices:
and column vectors of size m:
III. QUEUE SIZE DISTRIBUTION
In a BMAP queue, all the time-dependent characteristics depend on the initial queue size, X(0), and the initial state of the modulating process, J(0). This dependence will be represented by indices n, i in the queue size distribution:
Naturally, l and n vary from 0 to b while i varies from 1 to m. In the stationary case the dependence on X(0) and J(0) vanishes and we may simply denote the stationary queue size distribution by p l where
and n, i can be arbitrary.
The main result of this paper is expressed in terms of the Laplace transform:
and the column vector representing different initial states of the modulating process:
Theorem 1: The Laplace transform of the queue size distribution in the BM AP/G/1/b queue has the form:
where
P r o o f. Conditioning on the first departure moment we may write for 0 < n ≤ b, 1 ≤ i ≤ m:
Similarly, if n = 0 then for 1 ≤ i ≤ m we have:
Applying transforms to (6) and (7) yields:
respectively. Next, applying matrix notation we get:
(9) Denoting ϕ n (s, l) = φ b−n (s, l) we may rewrite (8) and (9) as follows:
Now, the system of equations (10) has the following solution:
where c(s, l) is a function that does not depend on n (see, for comparison, [20] , page 343). Therefore we are left with the task of finding ϕ 0 (s, l), ϕ 1 (s, l), which is necessary for calculating ψ k (s, l), and the function c(s, l). Substituting n = 0 in (12) we can easily obtain
Substituting n = 0 in (10) we have
which reduces the problem to finding ϕ 0 (s, l). Using the boundary condition (11) we get
which finishes the proof. Formula (5) may be used in practice in several ways. First, using the well-known limiting behaviour of the Laplace transform we can easily obtain the stationary queue size distribution: φ b (s, l) , any other initial queue size can be chosen. However, using b is recommended as in this case the formula (5) reduces to its simplest form, namely
Instead of b in
Next, we may obtain the average stationary queue size
and all moments, for instance variance
Furthermore, we can obtain also the time-dependent queue size distribution, average, variance etc. To accomplish that, we have to invert the Laplace transform presented in (5). For instance, in [21] an efficient method based on the Euler summation formula is presented. It has the following form
f * (s) denotes a transform to be inverted, f (t) is the original function, parameters m, n, A, l are used to control the inversion error. Proposed in [21] typical values are m = 11, n = 38, A = 19 and l = 1. An easy verification shows that for this set of control parameters, 51 transform values are required in order to obtain one value of the original function.
IV. NUMERICAL ILLUSTRATION
Before numerical examples are given, it is worth mentioning that matrices A k (s) and D k (s), which appear in Theorem 1, can be calculated effectively by means of the uniformization technique, described in [2] . For instance, if the service time is constant and equal to d, applying this technique we get:
and Γ(j, x) denotes the incomplete gamma function.
The remaining matrices and vectors in Theorem 1 are either trivial (like Y k (s), z(s)) or simple functions of A k (s) and D k (s).

A. Example 1
In this example we use three different BMAPs to demonstrate an impact of the autocorrelation in the arrival process on the queue size distribution. Namely, we assume that It is assumed that the service time is constant and equal to 0.2, which makes the load offered to the queue to be of 80%. The buffer size is 50.
We can now obtain sample queue size distributions. We start with transient distribution, which depends on the initial state of the system. We assume that initially the buffer is full (X(0) = b = 50) and that the initial state of the modulating process is 1. Figures 1-4 show transient queue size distributions in times t = 2.5, t = 5, t = 10 and t = 20, respectively. In each figure three curves, representing BM AP 0 , BM AP 0.2 and BM AP 0.4 , are depicted.
Firstly, we can see that these distributions may assume rather complicated shapes. This effect is typical for the batch arrival queue and the irregularities in the shape are connected with batch sizes and their combinations. In this example we have three possible batch sizes (1, 2, 5), therefore we can observe concentrations of probability mass connected with arrivals of 1, 2, 5 cells, but also with 1+2, 1+5, 2+5 etc.
Secondly, the autocorrelation in the arrival process severely influences the queue size distribution. The higher the autocorrelation, the more of the probability mass concentrated around b and the higher the full-buffer probability, which is connected with losses.
What is more, the autocorrelation in the arrival process influences the convergence to the steady-state distribution. This effect can be observed in Figs. 5-7. For BM AP 0 , distribution closely resembling the shape of the steady-state curve is obtained for t around 15. For BM AP 0.2 it takes around 20 to obtain steady state while for BM AP 0.4 the steady-state curve can be obtained for t over 30.
B. Example 2
In this example we demonstrate the queue size distribution using a BMAP parameterization based on measurements of aggregated IP traffic. For this purpose, a trace file recorded at the Front Range GigaPOP (FRG) aggregation point, which is run by PMA (Passive Measurement and Analysis Project, see http://pma.nlanr.net) has been utilized 1 . The average rate of the traffic is 72 MBytes/s, with mean packet size of 869Bytes. As IP traces are often dominated by several most frequent packet sizes [10] , it is not necessary to take all possible packet sizes into account. In the sample used herein, seven packet sizes (40, 52, 552, 1300, 1420, 1488, 1500) account for 97 percent of the traffic and only these sizes were used. Using the expectation-maximization (EM) method [10] the following BMAP parameters were estimated: Basic characteristics of the original traffic sample and its BMAP model are shown in Table I .
In practice, packets are usually segmented into fixed size units prior to storage, which is connected with memory architecture for fast packet buffering in routers and switches [23] . Therefore, for computation of the buffer occupancy distribution we will rather use the following BMAP parameters: 
where the new indices denote numbers of occupied units, assuming typical unit size of 64Bytes [23] .
We assume that the queue is served at the constant rate of 80MB/s (1310720 units/s) and the buffer size is 100KBytes. The initial state of the modulating process, J(0), is distributed according to π = (0.39517, 0.24563, 0.35920).
Now we are in a position to present the numerical results. In Figs. 8, 9 the stationary queue size distribution for the system considered is presented. In particular, in The probability that the buffer is empty equals to
while the probability that the buffer is full is
As in Example 1, it is striking that the distribution has jumps in the lower range and its shape is rather complicated. Again, this effect is caused by the batch structure of the arrival process and in a way reflects the batch size distribution. For instance, the high peak observed in Fig. 9 around 1 .5KB is connected with high probability of 1500B packet and high values of elements of D 1500 .
On the other hand, for larger queue sizes the shape becomes simple and the function is approximately linear (on a logscaled plot).
The statistical structure of the BMAP, which reflects the structure of the original traffic, has a deep impact on the queue size distribution. To demonstrate this, we may replace the BMAP by the Poisson process with exactly the same arrival rate. In this case we obtain 2 The formulae for the classic M/G/1/b queue, which were used for obtaining this set of results, can be found by the reader in [22] , page 202. This set of numbers, which is in dramatic contrast to the previous one, illustrates how misleading it may be to neglect taking the precise statistical structure of the traffic into account. 
V. CONCLUSIONS
In this paper, an analysis of the queue size distribution in a BMAP queue with finite buffer was conducted. It is reasonable to believe that the presented results are of practical importance due to the following reasons. Firstly, a very flexible arrival process, which among other things can model IP traffic, was considered. Secondly, the finite buffer was assumed. In a real network all elements (switches, routers etc.) have finite buffers, which causes losses and influences the network performance. Thirdly, the results were presented in a closed, easy to use form, and they permit one to obtain both, transient and stationary queue size distributions. Finally, computational remarks were given. In particular, formulas for the numerical calculation of the coefficient matrices A k (s) and D k (s), which occur in the main theorem, were shown.
